We establish higher-order Fefferman-Poincaré type inequalities with a potential belonging to an appropriate higher-order Stummel-Kato type class introduced in this paper. As an application, we obtain a priori L p estimates for solutions of higher-order elliptic equations with discontinuous coefficients of small BMO type and a potential belonging to the higher-order Stummel-Kato type class.
Introduction and main results
Fefferman proved in [] that if a potential V belonging to the classical Morrey space L r,n-r (R n ) with  < r ≤ n/, then there exists a positive constant c, independent of u, such
The result has been extended to many more general settings and applied to study Harnack's inequality, unique continuation for nonnegative solutions and regularity of solutions of elliptic equations (cf. 
, and let p >  and m be a positive integer with
We say that V belongs to the higher-order Stummel-Kato type class
Here | · | denotes the Euclidean norm and B r (x) = B(x, r) = {y ∈ R n : |x -y| < r}. Sometimes we call that η V (r) is the higher-order Stummel-Kato type modulus of V . We also need the following definitions.
Definition . ([])
Let be an open set in R n . For p ≥  and k a nonnegative integer, the
We denote D k u := {D α u : |α| = k}, and its norm is defined by
For convenience, we denote by MB(x, r) (M > ) the ball concentric with B(x, r) of radius M times that of B(x, r).
Definition . ([])
A domain in R n is said to be a weak Boman chain domain, or a member of F(, M), if there exist a constant M ≥  and a family F of balls B ⊂ such that 
. , k(B).

Let us note that if the hypothesis (ii) is replaced by
B∈F χ τ B (x) ≤ Mχ (x), x ∈ R n , τ >  is a
Theorem . Let be a weak Boman domain, p > , and m be a positive integer with
of order less than m such that
where the positive constant c is independent of u, B  is the central ball of radius r B  in , and the constant M is in Definition ..
When u is a distribution with compact support in , we have the following. In the rest of this paper, we will show some applications of the above results to regularity of solutions to the higher-order elliptic equations with a potential. Let us consider the equation
where k is a positive integer with  ≤ k < n/, V ∈ S k p (R n ) for p > , and the coefficients
for all x ∈ R n and positive constants  ,  . In addition, we assume that the leading coefficients a α (x) (|α| = k) are in BMO space and their semi-norms are small enough. More precisely, we recall the following definition. Dependence of constants Throughout this paper, the letter c denotes a positive constant which may vary from line to line.
Proofs of Theorems 1.5 and 1.6
Before giving the proofs of Theorems . and ., we first show that the higher-order
and, in general, the class S we need to show that
In fact, for x ∈ R n and r > , one has
and one has 
Using the polar coordinate transformation leads to
where σ = min{r, e - }. Since the function t -m (-log t) -m is decreasing in (, e - ), one in-
Combining J  and J  , we have
Therefore, 
